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USING RATIONAL HOMOLOGY CIRCLES TO CONSTRUCT
RATIONAL HOMOLOGY BALLS
JONATHAN SIMONE
Abstract. Motivated by Akbulut-Larson’s construction of Brieskorn spheres bounding
rational homology 4-balls, we explore plumbed 3-manifolds that bound rational homology
circles and use them to construct infinite families of rational homology 3-spheres that bound
rational homology 4-balls. In particular, we find infinite families of torus bundles over
the circle that bound rational homology circles provide a simple method for constructing
many more plumbed 3-manifolds that bound rational homology circles. Using these rational
homology circles, we show that, for example, −1-surgery along any twisted positively-clasped
Whitehead double of any knot bounds a rational homology 4-ball.
1. Introduction
Understanding which rational homology 3-spheres (QS3s) bound rational homology 4-balls
(QB4s) is a widely explored open question among Kirby’s list of problems (Problem 4.5 in
[1]). Certain classifications of QS3s bounding QB4s do exist (e.g., lens spaces [17], certain
small Seifert fibered spaces [15], some Dehn surgeries on knots [3], and some Brieskorn spheres
[4], [10], [6]), but the question at large is far from resolved. In [4], Akbulut-Larson used the
fact that 0-surgery on the figure-eight knot bounds a rational homology circle (QS1×B3) to
construct infinite families of Brieskorn spheres that bound QB4s. Their construction relies
in part on the following lemma, which Akbulut-Larson proved for the case of 0-surgery on
the figure-eight knot (and, more generally, rationally slice knots). The lemma presented
below is a more general version of their result.
Lemma 1.1. Let Y bound a QS1 × B3, W , and let K be a knot in Y such that [K] has
infinite order in H1(Y ;Z). Then the 4-manifold obtained by attaching a 2-handle to W along
K is a QB4. Consequently, any integer surgery on Y along K yields a QS3 that bounds a
QB4.
The upshot of this construction is that a single QS1×B3 can be used to construct infinite
families of QS3s bounding QB4s, as was the case in the Akbulut-Larson paper. For example,
using the notation of Lemma 1.1, we can add a 2-handle to W along K with any integer
framing, yielding an infinite family of QS3s bounding QB4s. Moreover, K can be any knot
having infinite order in H1(Y ;Z); each such knot provides infinite families of QS3s bounding
QB4s, as above. Hence it is natural to ask:
Question 1.2. Which QS1 × S2s bound QS1 ×B3s?
The first class of QS1 × S2s that one might consider is the set of 0-surgeries along knots
in S3 (which are, in fact, ZS2× S2s). Classifying which knots admit 0-surgeries that bound
QS1×B3s is equivalent to classifying rationally slice knots ([8]). The figure-eight knot is an
example of a rationally slice knot and, more generally, strongly negative amphichiral knots
are known to be rationally slice ([14]).
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(a) Cyclic plumbing with boundary T±n
(b) Another cyclic plumbing with boundary T±n
(c) Cyclic plumbing with boundary TA(a), where a = (a1, . . . , an)
Figure 1. The boundaries of cyclic plumbings are T 2-bundles over S1
In this article, we will focus on plumbed 3-manifolds—the boundaries of plumbings of
D2-bundles over S2—whose associated weighted graphs have a single cycle. Each edge of the
cycle must be decorated with either “ + ” or “− ” to specify the sign of the intersection of
the (oriented) base spheres. By changing the orientations of the base spheres and fibers of
select disk bundles, it can be arranged that either all edges of the cycle are decorated with
“+” or all but one edge are decorated with “+.” If the cycle can be decorated with only “+”
signs, we say the plumbing is positive. Otherwise, we say it is negative.
The simplest kinds of such plumbings are cyclic plumbings, whose associated graphs con-
sist of a single cycle, as in Figure 1. The boundaries of such plumbings are T 2-bundles over S1
(c.f. [18]). After endowing T 2 × [0, 1] = R2/Z2 × [0, 1] with the coordinates (x, t) = (x, y, t),
any T 2-bundle over S1 is of the form T 2 × [0, 1]/(x, 1) ∼ (±Ax, 0), where A ∈ SL(2,Z),
which is well-defined up to conjugation. The matrix A is called the monodromy of the torus
bundle. A torus bundle is called elliptic if |trA| < 2, parabolic if |trA| = 2, and hyperbolic if
|trA| > 2. Moreover, it is called positive if trA > 0 and negative if trA < 0. Throughout, we
will express the monodromy in terms of the generators T =
[
1 1
0 1
]
and S =
[
0 1
−1 0
]
.
Up to conjugation, negative parabolic torus bundles have monodromies of the form −T±n,
where n ≥ 0 is an integer; we denote them by T±n. T±n is the boundary of the cyclic
plumbing shown in the left of Figure 1a. This plumbing diagram gives rise to the obvious
surgery diagram of T±n shown in the right of Figure 1a. If n ≥ 2, then T±n also bounds
the negative/positive definite cyclic plumbing shown in the left of Figure 1b. This can be
seen by performing blowups and blowdowns to surgery diagram in Figure 1a to obtain the
the surgery diagram in the right of Figure 1b, which is the boundary of the negative cyclic
plumbing in the left of Figure 1b. Up to conjugation, positive hyperbolic torus bundles have
monodromies of the form T−a1S · · ·T−anS, where ai ≥ 2 for all i and aj ≥ 3 for some j.
These are the boundaries of the positive cyclic plumbings shown in the left of Figure 1c. To
simplify notation, we will use TA(a) to denote the hyperbolic torus bundle with monodromy
A(a) = T−a1S · · ·T−anS, where a = (a1, . . . , an). For details, see [18].
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(a) (b)
(c) (d)
Figure 2. QS3s that bound QB4s. The boxes labeled K(t) in (A), (C), and
(D) indicate tying the strands passing through the box into a knot K and
adding t full-twists. The link in (B) is a two-component link consisting of
unknots with linking number 0; the blue vertical strands form a portion of one
of the link components. The surgery coefficients in (C) are of the form
−(3 + x1, 2[x2], 3 + x3, 2[x4], . . . , 3 + x2k+1, 2[x1], 3 + x2, 2[x3], . . . , 3 + x2k, 2[x2k+1]).
The next two results provide two infinite families of torus bundles over S1 that bound
QS1 × B3s. The first follows from a rather simple observation; we label it as a lemma for
easy reference.
Lemma 1.3. All negative parabolic torus bundles bound QS1 ×B3s.
The second infinite family consists of positive hyperbolic torus bundles that bound QS1×
B3s. These QS1×B3s are more difficult to construct. In particular, we will show that these
QS1×B3s never admit handlebody decompositions without 3-handles, unlike the QS1×B3s
that will be constructed in the proof of Lemma 1.3. For ease of notation, we use −(a1, . . . , an)
to denote the string (−a1, . . . ,−an), and a string of the form (. . . , a[x], . . .) denotes the string
(. . . , a, . . . , a︸ ︷︷ ︸
x
, . . .).
Theorem 1.4. Let a = (3 + x1, 2
[x2], . . . , 3 + x2k+1, 2
[x1], 3 + x2, 2
[x3], . . . , 3 + x2k, 2
[x2k+1]),
where k ≥ 0 and xi ≥ 0 for all i. Then TA(a) bounds a rational homology circle W with
H3(W ) = Z2. Moreover, any handlebody decomposition of any QS1 × B3 bounded by TA(a)
necessarily contains 3-handles.
As an application of Lemma 1.1, Lemma 1.3, and Theorem 1.4, we can construct infinite
families of QS3s that bound QB4s. The following corollary highlights some such families.
Many more examples can be constructed using Lemma 1.1.
Corollary 1.5. Let n,m, k, x1, . . . , x2k+1 ∈ Z such that n ≥ 2, m 6= 0, and either k ≥ 1 or
x1 ≥ 1. Then the following QS3s bound QB4s.
(a) −1-surgery along any twisted positively-clasped Whitehead double of any knot in S3
bounds a QB4 (Figure 2a).
(b) (m,−m)-surgery along any two-component link with unknot components that have
linking number 0 as in Figure 2b bounds a QB4.
(c) ±(2[n])-surgery along any link of the form shown in Figure 2c bounds a QB4.
(d) −(3 +x1, 2[x2], 3 +x3, 2[x4], . . . , 3 +x2k+1, 2[x1], 3 +x2, 2[x3], . . . , 3 +x2k, 2[x2k+1])-surgery
along any link of the form shown in Figure 2d bounds a QB4.
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A natural question is whether there are any other torus bundles that bound QS1 × B3s.
This question is explored by the author in [20], where it is shown that there are no other
torus bundles that bound QS1×B3s. Thus the only torus bundles that bound QS1×B3s are
those listed in Lemma 1.3 and Theorem 1.4. If we expand our view, however, and consider
more general plumbed 3-manifolds with a single cycle, we can construct a large class of
plumbed 3-manifolds that bound QS1 ×B3s by using the self-join operation.
Definition 1.6 (c.f. Aceto [2]). Let X be a plumbing whose associated graph is a tree
and let v1 and v2 be distinguished vertices. Let Xv1=±v2 be the positive/negative plumbing
obtained by identifying v1 and v2 and taking the sum of the corresponding weights to be the
weight of the new vertex. We say that Xv1=±v2 is obtained from X by self-joining X along
v1 and v2.
Proposition 1.7. Let X be a plumbing tree such that Y = ∂X bounds a QS1 × B3. Let
v1 and v2 be distinct vertices of X and let Q± denote the intersection form of the plumbing
Xv1=±v2. If detQ± 6= 0, then ∂(Xv1=±v2) bounds a QS1 ×B3.
We will see that Proposition 1.7 can be used to prove Lemma 1.3, but it cannot be used to
prove Theorem 1.4. Thus the plumbed 3-manifolds built using Proposition 1.7 are not the
only ones that bound QS1×B3s. Moreover, Lemma 1.1 and Proposition 1.7 can be used to
construct more infinite families of QS3s bounding QB4s (c.f. Corollary 1.5).
1.1. Symplectic Question. Let TA(a) be a hyperbolic torus bundle listed in Theorem
1.4. The question of whether (TA(a), ξ) has a strong symplectic QS1 × B3 filling is also of
considerable interest. By a recent result of Christian [7], there is no such filling when ξ is
virtually overtwisted. However, the question is more interesting when ξ is universally tight.
Let Pa be the negative-definite plumbing whose boundary is TA(a) (Figure 1c). Then
Pa can be realized as the resolution of an isolated complex surface singularity and it thus
admits a unique Milnor fillable contact structure ξcan (see, for example, [18]), which is
automatically universally tight by [16]. In [12], it is shown that if Pa is embedded in an
ambient symplectic 4-manifold (X,ω) such that the base spheres are symplectic and intersect
ω−orthogonally, then Pa admits a symplectic structure with strongly convex boundary and
the induced contact structure on TA(a) is ξcan. Thus, if (TA(a), ξcan) has a strong symplectic
QS1×B3 filling W , then by [9] one can excise Pa from X and glue W in its place to obtain
a potentially small exotic 4-manifold. Similar symplectic cut-and-paste procedures, in which
plumbing trees are symplectically replaced by smaller 4-manifolds, have been successfully
used to construct small exotic 4-manifolds (e.g. the rational blowdown [11], star surgery
[13], 2-replaceability [21], etc). In these constructions, the replacement manifolds admit
Stein structures that induce the correct contact structures; thus the replacements naturally
lend themselves to symplectic cut-and-paste. By Theorem 1.4, however, every QS1 × B3
bounded by TA(a) necessarily contains 3-handles. Therefore these QS1 × B3s cannot be
Stein, leading to the following question.
Question 1.8. Do the QS1×B3s constructed in Theorem 1.4 admit a symplectic structure
with strongly convex boundary?
1.2. Organization. In Section 2, we will prove Lemma 1.1 and use it construct the QS3s
bounding QB4s of Corollary 1.5. In Section 3, we will prove Lemma 1.3 and Theorem 1.4
by explicitly constructing QS1 × B3s. Finally, in Section 4, we will prove Proposition 1.7
and use it to construct some more examples of plumbed 3-manifolds that bound QS1×B3s.
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2. Rational Spheres bounding rational balls: Proof of Corollary 1.5
By Theorem 1.4, the hyperbolic torus bundle with monodromy T−3S bounds a rational
homology circle. It will be shown in Proposition 3.1 that this hyperbolic torus bundle can be
realized as 0-surgery on the figure-eight knot, which is known to bound a rational homology
circle. As mentioned in the introduction, Akbulut-Larson used this fact in [4] to construct in-
finite families of Brieskorn spheres that bound QB4s. In a similar vein, we will use this torus
bundle, along with the broader class hyperbolic torus bundles of Theorem 1.4 to construct
QS3s that bound QB4s. This construction relies Lemma 1.1, which we now recall and prove.
Lemma 1.1. Let Y bound a QS1 × B3, W , and let K be a knot in Y such that [K] has
infinite order in H1(Y ;Z). Then the 4-manifold obtained by attaching a 2-handle to W along
K is a QB4. Consequently, any integer surgery on Y along K yields a QS3 that bounds a
QB4.
Proof. Let B be the 4-manifold obtained by attaching a 2-handle h to W along K. Since
H2(Y,W ) is a torsion group, [K] ∈ H1(Y ) must map to an infinite order element m ∈ H1(W )
under the map induced by inclusion. K also represents a generator of H1(W ∩h) = H1(S1×
D2) = Z that maps to m ∈ H1(W ) under the map induced by inclusion (W ∩ h is the
attaching region of h in Y ). Now by considering the Mayer-Vietoris sequence for (B,W, h),
it is easy to see that B must have the rational homology of the 4-ball. 
Corollary 1.5. Let n,m, k, xi ∈ Z for all 1 ≤ i ≤ 2k+ 1 such that n ≥ 2, m 6= 0, and either
k ≥ 1 or x1 ≥ 1. Then the following QS3s bound QB4s.
(a) −1-surgery along any twisted positively-clasped Whitehead double of any knot in S3
bounds a QB4 (Figure 2a).
(b) (m,−m)-surgery along any two-component link with unknot components that have
linking number 0 as in Figure 2b bounds a QB4.
(c) ±(2[n])-surgery along any link of the form shown in Figure 2c bounds a QB4.
(d) −(3 +x1, 2[x2], 3 +x3, 2[x4], . . . , 3 +x2k+1, 2[x1], 3 +x2, 2[x3], . . . , 3 +x2k, 2[x2k+1])-surgery
along any link of the form shown in Figure 2d bounds a QB4.
Proof. We start by proving the first part of the corollary. Consider the hyperbolic torus
bundle TA(3). By Theorem 1.4, TA(3) bounds a rational homology circle W . Let K be a
knot in TA(3) as depicted in left of Figure 3. If we attach a 2-handle to W along K ⊂ ∂C
with framing n, then by Lemma 1.1, the resulting 4-manifold is a QB4. Its boundary is
the QS3 depicted in left of Figure 3. By sliding the two strands of the −1-framed unknot
passing through the 0-framed unknot over the knot K and canceling the 0-framed unknot
and the knot K, we obtain the surgery diagram in the right of Figure 3, which is a positively-
clasped twisted Whitehead double of K. The box labeled K(t) ties the strands entering the
box into the knot K along with t = n − w(K) twists. Since n and K were arbitrary, the
result follows. The proofs of parts (c) and (d) of the corollary are identical. For part (b),
start with a QS1 × B3 bounded by the negative parabolic torus bundle T∓n, and for part
(c), start with a QS1 × B3 bounded by the positive hyperbolic torus bundle TA(a), where
a = (3 + x1, 2
[x2], 3 + x3, 2
[x4], . . . , 3 + x2k+1, 2
[x1], 3 + x2, 2
[x3], . . . , 3 + x2k, 2
[x2k+1]).
We now proceed to part (b). Let a = (m+2, 2[m−1]). If m ≥ 2, then TA(a) has the obvious
surgery diagram shown in the left of Figure 4a. After blowing up once, blowing down m− 1
times, and isotoping, as in Figure 4a, we obtain the surgery diagram on the right side of
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Figure 3. Performing n-surgery on TA(3) along the blue knot K yields −1-
surgery on a twisted Whitehead double of K. The box labeled K(t) ties the
strands entering the box into the knot K along with t = n − w(K) twists.
Since TA(3) bounds a QS1 ×B3, the resulting QS3 bounds a QB4.
the figure. If m = 1, then TA(3) has the surgery diagram shown in the left of Figure 4b.
After blowing up and isotoping as in Figure 4b, we obtain the surgery on the right side
of the figure. Thus the rightmost diagrams in Figures 4a and 4b provide alternate surgery
diagrams for TA(a), where a = (m+ 2, 2
[m−1]) and m ≥ 1.
Let Y be theQS3 obtained by (m,−m)-surgery along any two-component link with unknot
components that have linking number 0 as in Figure 2b. Then the link can be isotoped so
that Y has the surgery diagram given in the top-left of Figure 4c, where the gray box contains
the complexity of the second unknot (i.e. all of the crossings). Our goal is to show that Y
can be realized as 0-surgery along a knot in TA(a) that represents an infinite order element in
H1(TA(a);Z). In light of Theorem 1.4 and Lemma 1.1, it will follow that Y bounds a QB4.
Consider the surgery diagram of Y shown in the top-left of Figure 4c. Let L1 denote
the m-framed unknot and let L2 denote the complicated −m-framed unknot. The gray box
contains two arcs that are arbitrarily knotted in a way yielding an unknot. Since L2 is
connected and the linking number of L1 and L2 is 0, the arc that begins near the bottom-
right corner of the gray box must end near the bottom-left corner of the gray box; we will
refer to this arc at the first arc. The second arc is the arc beginning at near the top-left
corner and ending near the top-right corner.
We now add a canceling pair of 0-framed unknots to the surgery diagram as in the next
diagram of Figure 4c. The blue unknot travels through the gray box parallel to the first arc
such that it can be identified with the blackboard framing of the first arc. Pick an orientation
for the blue unknot and let l be the linking number of the blue unknot with L2 and let −t
denote the writhe of the blue unknot (which equals the writhe of the first arc). Slide L2 over
the blue unknot, as indicated by the green arrow in the top-center diagram of Figure 4c to
obtain the next diagram in Figure 4c, where the box labeled t indicates t full twists. Next,
slide L2 over the blue unknot again, as indicated by the second green arrow, to obtain the
surgery diagram in the bottom-right of Figure 4c. Note that there are once again two arcs
of L2 passing through the gray box, which can be viewed as copies of the original two arcs.
Thus L2 is still an unknot and, moreover, the arc formed by the two arcs in the gray box
along with the vertical strand connecting the endpoints of the arcs on the right side of the
gray box can be isotoped to be an arc with no over- or under-crossings.
There are two strands of L2 passing through the red unknot with opposite orientation.
Slide the lower strand over the red unknot t times to obtain the diagram in the bottom-
center, which is isotopic to the diagram in the bottom-left of Figure 4c. Notice that without
the blue unknot, this last surgery diagram is the surgery diagram of TA(a) we found in Figure
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(a) Surgery diagrams for TA(a), where a = (m+ 2, 2
[m−1]) and m ≥ 2.
(b) Surgery diagrams for TA(3).
(c) Showing that Y is the boundary of a QB4
Figure 4. Proving (−m,m)-surgery along certain 2-component links (see
Corollary 1.5) bound QB4s.
4a. Thus Y is obtained from TA(a) by performing 0-surgery along a knot with infinite order
in H1(TA(a);Z). Since TA(a) bounds a QS1 ×B3, Y bounds a QB4 by Lemma 1.1. 
Remark 2.1. The QB4s constructed in parts (a) and (c) of Corollary 1.5 rely on attaching
2-handles along knots that are homologous to the meridian of the 0-framed unknot in the
surgery diagram of TA(a). The QB4s constructed in part (b) rely on 2-handles attached
along knots in more interesting ways, relative to the surgery diagram of TA(a). These are
just a few examples of infinite families of QS3s that can be shown to bound QB4s. Using
these techniques, one can construct many more, potentially interesting, examples.
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3. Torus bundles bounding rational homology circles
In this section, we will prove Lemma 1.3 and Theorem 1.4. We start with the former,
which is a simple observation.
Lemma 1.3. All negative hyperbolic torus bundles bound QS1 ×B3s.
Proof. Consider the obvious handlebody diagram of the cyclic plumbing bounded by the
negative parabolic torus bundle with monodromy −T n, show in the left of Figure 5. After
surgering, as in Figure 5, we obtain the handlebody diagram of a 4-manifold whose boundary
is the same parabolic torus bundle. A quick homology calculation shows that the new 4-
manifold has the rational homology of S1 ×B3. 
Figure 5. Parabolic torus bundles with monodromy −T n bound QS1×B3s
for all n.
We now turn our efforts to proving Theorem 1.4, which we break into two propositions.
We will first show that the hyperbolic torus bundles of Theorem 1.4 indeed bound QS1×B3s.
Afterwards we will show that every handlebody decomposition of any QS1×B3 bounded by
such a hyperbolic torus bundle necessarily contain 3-handles, unlike the QS1×B3s bounded
by the parabolic torus bundles of Lemma 1.3. Before diving into the proof of the first
proposition, we need a quick definition and some background.
Let (b1, . . . , bk) be a string of integers such that bi ≥ 2 for all i. If bj ≥ 3 for some j, then
we can write this string in the form (2[m1], 3 + n1, . . . , 2
[mj ], 2 + nj), where mi, ni ≥ 0 for all
i. The string (c1, . . . , cl) = (2 + m1, 2
[n1], 2 + m2, . . . , 3 + mj, 2
[nj ]) is called the dual string
of (b1, . . . , bk). If bi = 2 for all 1 ≤ i ≤ k, then we define its dual string to be (k + 1). As a
topological interpretation of this, by Neumann [18], if P is a linear plumbing of D2-bundles
over S2 with Euler numbers (b1, . . . , bk), then the reversed-orientation plumbing P is a linear
plumbing with Euler numbers (c1, . . . , cl). Moreover, the obvious handlebody diagram of P
can be obtained from the obvious handlebody diagram of P by performing suitable blowups
and blowdowns. This procedure will be used in the proof of the following proposition.
Proposition 3.1. Let a = (3 + x1, 2
[x2], . . . , 3 + x2k+1, 2
[x1], 3 + x2, 2
[x3], . . . , 3 + x2k, 2
[x2k+1]),
where k ≥ 0 and xi ≥ 0 for all i. Then TA(a) bounds a rational homology circle W with
H3(W ) = Z2.
Proof. First suppose a = (3). The left diagram in Figure 6 is the obvious surgery diagram of
TA(3) obtained from the plumbing diagram. By blowing down the −1-framed unknot, it is
easy to see that TA(3) can realized as 0-surgery on the figure-eight knot. As mentioned in the
introduction, it is well-known that 0-surgery on the figure-eight knot bounds a QS1 ×B3.
Now assume (k+
∑2k+1
i=1 xi) ≥ 1 and let a = (3+x1, 2[x2], . . . , 3+x2k+1, 2[x1], 3+x2, 2[x3], . . . , 3+
x2k, 2
[x2k+1]). For simplicity, relabel the surgery coefficients (−(3 + x1),−2[x2], . . . ,−(3 +
x2k+1)) by (−(d1+1),−d2, . . . ,−dp−1,−(dp+1)). Then the coefficients (2[x1], 3+x2, . . . , 2[x2k+1])
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Figure 6. The hyperbolic torus bundle TA(3)
(a) Relabeling the coefficients (b) Alternate surgery diagram of TA(a)
(c) An orientation reversing involution τ ′ of T′ that maps K to itself. The two red points
on K are the fixed points of τ ′.
Figure 7. The hyperbolic torus bundles TA(a) with a = (3 +x1, 2
[x2], . . . , 3 +
x2k+1, 2
[x1], 3 +x2, 2
[x3], . . . , 3 +x2k, 2
[x2k+1]) admit orientation-reversing involu-
tions and consequently bound QS1 ×B3s
are of the form (e1, . . . , eq), where (d1, . . . , dp) and (e1, . . . , eq) are dual strings. Consider
the obvious surgery diagram for TA(a) shown in Figure 7a. Blow up the linking of the
−(d1 + 1)- and −eq-framed unknots with a +1-framed unknot and then consecutively blow
down the −1-framed unknots. Continuing in this way—performing +1-blowups followed
by −1-blowdowns—we will obtain a surgery diagram involving (−d1, . . . ,−dp, d1, . . . , dp)-
surgery along a “chain link” as in Figure 7b. Let L denote this chain link.
Let S3d(L) be the 3-manifold obtained by d = (−d1, . . . ,−dp, d1, . . . , dp)-surgery long L
and let K ⊂ S3d(L) be the knot shown in the leftmost diagram in Figure 7c. We claim that
there is an orientation-reversing involution τ of S3d(L), fixing K, with fixed point set S
0 ⊂ K.
This is achieved by performing a 180◦ rotation of S3 about K so that K is fixed (as shown in
Figure 7c) and then reflecting the chain link through the page so that K maps to itself and
τ has two fixed points, which both lie on K (see Figure 7c). Since K maps to itself under
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this involution, K is, by definition, a strongly negative amphicheiral knot in S3d(L). By
Lemma 2.3 in [14], performing 0-surgery along K yields a QS1 × S2 that bounds a rational
homology circle W such that H3(W ;Z) = Z2. More precisely, W is the mapping cylinder
of p : TA(a) → TA(a)/τ ′, where τ ′ is the fixed point free orientation reversing involution of
TA(a) inherited from τ . 
Before proving that every handlebody decomposition of every QS1 × B3 bounded by
one of the hyperbolic torus bundles listed in Theorem 1.4 necessarily contains 3-handles
(Proposition 3.6 below), we must first gather a few technical results.
Lemma 3.2. If Y bounds a QS1 ×B3, then the torsion part of H1(Y ;Z) has square order.
Proof. It is well-known that if a QS3 bounds a QB4, then its first homology group has
square order (see, for example, Lemma 3 in [5]). The proof involves exploring the long exact
sequence of the pair. An analogous argument shows that the same is true of QS1×S2s that
bound QS1 ×B3s. 
Lemma 3.3 (Lemma 10 in [19]). |Tor(H1(TA(a);Z))| = tr(A(a))− 2.
Corollary 3.4. |Tor(H1(TA(a)2 ;Z))| is not a square for all a.
Proof. LetA = A(a) =
[
a b
c d
]
, where ad−bc = 1. Then by Lemma 3.3, |Tor(H1(TA(a);Z))| =
a+d−2. Thus A2 =
[
a2 + bc ab+ bd
ac+ cd bc+ d2
]
. Once again, by Lemma 3.3, |Tor(H1(TA(a)2 ;Z))| =
a2 + 2bc+ d2− 2 = a2 + d2 + 2(ad− 1)− 2 = (a+ d)2− 4. Since TA(a) is positive hyperbolic,
a+ d > 2. Thus (a+ d)2 − 4 is not a square. 
Lemma 3.5. Let W be a QS1×B3 admitting a handlebody decomposition without 3-handles
and let W˜ be an n-fold cover of W . If ∂W˜ is a QS1 × S2, then W˜ is a QS1 ×B3.
Proof. Let Y = ∂W and Y˜ = ∂W˜ . Since W admits a handlebody decomposition without 3-
handles, W˜ also admits a handlebody decomposition without 3-handles. Thus H3(W˜ ;Z) = 0.
By Poincare´ duality and the Universal Coefficient Theorem, we have that
H1(W˜ , Y˜ ;Q) ∼= H3(W˜ ;Q) ∼= Hom(H3(W˜ ;Z),Q)⊕ Ext(H2(W˜ ;Z),Q) = 0.
Thus the map H1(Y˜ ;Q) → H1(W˜ ;Q) induced by inclusion is surjective. Since Y˜ is a
QS1 × S2, it follows that rank(H1(W˜ ;Q)) ≤ 1. Finally, since χ(W˜ ) = pχ(W ) = 0 and
H3(W˜ ;Q) = 0, we necessarily have that H1(W˜ ;Q) = Q and H2(W˜ ;Q) = 0. 
Equipped with the above lemmas and corollary, we are now ready to finish the proof of
Theorem 1.4.
Proposition 3.6. Let W be a QS1 ×B3 bounded by a hyperbolic torus bundle TA(a). Then
every handlebody decomposition of W necessarily contains 3-handles.
Proof. Suppose that TA(a) bounds a QS1 × B3, W , admitting a handlebody decomposition
without 3-handles. Consider the obvious surgery diagram of TA(a) as in Figure 1c. Let µi de-
note the homology class of the meridian of the−ai-framed surgery curve and let µ0 denote the
homology class of the meridian of the 0-framed surgery curve. Then H1(TA(a);Z) is generated
by µ0, . . . , µn. Consider the torus bundle TA(a)2 , which has monodromy (T
−a1S · · ·T−anS)2.
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There is an obvious Z2-action on TA(a)2 ; in the obvious surgery diagram of TA(a)2 , rotate
the chain link through the 0-framed unknot 180◦ (c.f. Figure 7c). The quotient of TA(a)2 by
this action is clearly TA(a) and the induced map f : H1(TA(a);Z) → Z2 satisfies f(µ0) = 1
and f(µi) = 0 for all 1 ≤ i ≤ n.
Let i∗ : H1(TA(a);Z) → H1(W ;Z) be the map induced by inclusion. Since W has no 3-
handles, i∗ is surjective; hence there exists a basis for H1(W ;Z) of the form {m0,m1, . . . ,mk},
where m0 := i∗(µ0) and mi is a torsion element for all 1 ≤ i ≤ k. Define a map g :
H1(W ;Z) → Z2 by g(m0) = 1 and g(mi) = 0 for all 1 ≤ i ≤ k. Then g is a surjec-
tive homomorphism satisfying f = g ◦ i∗. Let W˜ be the double cover of W induced by
g. Then ∂W˜ = TA(a)2 and by Lemma 3.5, W˜ is a QS1 × B3. But by Corollary 3.4,
|Tor(H1(T(A(a))2 ;Z))| is not a square, which contradicts Lemma 3.2. Thus W must contain
3-handles. 
Remark 3.7. The proof of Proposition 3.6 also holds for negative hyperbolic torus bundles.
We left this case out to simplify the notation. Moreover, in [20], it is shown that no neg-
ative hyperbolic torus bundle bounds a QS1 × B3. So consideration of that case would be
meaningless.
4. Constructing plumbed 3-manifolds that bound rational homology
circles
In this section, we will construct plumbed 3-manifolds that bound QS1×B3s. Throughout
this section, we will use the same notation to denote a plumbing and its associated graph.
We begin by reviewing a useful construction by Aceto [2].
Definition 4.1 (Aceto [2]). Let Xi be a plumbing tree with a distinguished vertex vi, for
i = 1, 2. Let X be the plumbing tree obtained from X1 and X2 by identifying the two
distinguished vertices and taking the sum of the corresponding weights to be the new weight
(See Figure 8). We say that X is obtained by joining together X1 and X2 along v1 and v2
and we write X = X1
∨
v1=v2
X2. We call this operation the join operation.
(a) Two plumbing trees (Xi, vi) (b) The plumbing X1
∨
v1=v2
X2
Figure 8. Applying the join operation to the vertices v1 and v2
On the 4-manifold level, consider the obvious handlebody diagram of X1\X2. Let Ki
denote the unknot to which the 2-handle associated with the vertex vi is attached. Let U be
an unknot such that lk(Ki, U) = 1 for i = 1, 2 and such that there exists a sphere surrounding
U that intersects the handlebody diagram of X1\X2 in exactly four points, namely two points
on K1 and two points on K2 (See Figure 9a). Now attach a 0-framed 2-handle along U . By
sliding K2 over K1, surgering U into a dotted circle, and performing a handle cancellation,
we obtain the obvious handlebody diagram of X. This process is depicted in Figure 9b. The
following result prescribes a way to construct plumbed 3-manifolds (whose graphs are trees)
that bound QS1 ×B3s.
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(a) Joining two plumbing trees to obtain X = X1
∨
v1=v2
X2
(b) Using Kirby calculus to obtain the obvious handlebody diagram of X.
Figure 9. Obtaining handlebody descriptions of the join operation
Proposition 4.2 (Aceto [2]). Let (X, v) be a plumbing tree with distinguished vertex v such
that ∂X = S1 × S2 and ∂(X\v) is a QS3. Let (X ′, v′) be a plumbing tree with distinguished
vertex v′ such that ∂X ′ is a QS1×S2. If ∂X ′ bounds a QS1×B3, then so does ∂(X∨v=v′ X ′).
We now define the self-join operation, which will allow us to construct plumbed 3-manifolds
with cycles. This was already defined in the introduction, but for convenience, we recall it
here.
Definition 1.6. Let X be a plumbing whose associated graph is a tree and let v1 and v2 be
distinguished vertices. Let Xv1=±v2 be the positive/negative plumbing obtained by identify-
ing v1 and v2 and taking the sum of the corresponding weights to be the weight of the new
vertex. We say that Xv1=±v2 is obtained from X by self-joining X along v1 and v2.
On the 4-manifold level, we can once again consider the obvious handlebody diagram of
X. Orient the attaching circles of the 2-handles so that all linking numbers of all adjacent
unknots are +1. Let Ki denote the unknot to which the 2-handle associated with the vertex
vi is attached. Consider the obvious handlebody diagram for X\(S
1 × B3) obtained by
adding a 1-handle to X. Now, as above, we can obtain Xv1=±v2 from X\(S
1 × B3) by
adding a particular 0-framed 2-handle. Let U∓ be an unknot such that: lk(K1, U∓) = 1
and lk(K2, U∓) = ∓1; there exists a sphere surrounding U∓ that intersects the handlebody
diagram of X\(S1×B3) in precisely four points, namely two points on K1 and two points on
K2; and U∓ “passes through” the 1-handle (see Figure 10a). Now attach a 0-framed 2-handle
along U∓. As in the case with trees, by sliding K2 over K1, surgering U∓ into a dotted circle,
and performing a handle cancellation, we obtain the obvious handlebody diagram of Xv1=±v2
(see Figures 10b and 10c). The following gives us a way to construct plumbed 3-manifolds
with a single cycle that bound QS1 ×B3s.
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(a) Self-joining a plumbing tree to obtain Xv1=±v2
(b) Handlebody diagram of Xv1=v2 (c) Handlebody diagram of Xv1=−v2
Figure 10. Obtaining handlebody descriptions of the self-join operation
Proposition 1.7. Let X be a plumbing tree such that Y = ∂X bounds a QS1 × B3. Let
v1 and v2 be distinct vertices of X and let Q± denote the intersection form of the plumbing
Xv1=±v2. If detQ± 6= 0, then ∂(Xv1=±v2) bounds a QS1 ×B3.
Proof. Let W be a QS1 × B3 bounded by Y . First consider X ′ = X\(S1 × B3) and note
that Y ′ = ∂X ′ = Y#(S1 × S2) bounds a rational homology (S1 × B3)\(S1 × B3), namely
W ′ = W\(S1 × B3). Consider the obvious surgery diagram of Y ′ obtained as the boundary
of the handlebody diagram of X ′. By attaching a 0-framed 2-handle to W ′ along an unknot
U∓, as described in the paragraph preceding the statement of this proposition, we will obtain
a 4-manifold Z± with boundary ∂(Xv1=±v2). We claim that Z± is a QS1 ×B3.
Since Z± is obtained by attaching a 1-handle and 2-handle to W , which is a QS1 × B3,
it follows that rankH1(Z±;Q) ∈ {1, 2}, H3(Z±;Q) = 0, and χ(Z±) = χ(W ) = 0. Thus, if
we can show that H1(Z±;Q) = Q, then since χ(Z±) = 0, it will follow that H2(Z±;Q) = 0,
implying that Z± is a QS1 ×B3.
Consider the obvious handlebody diagram of Xv1=±v2 as in Figure 10. Since the 1-handle
has zero linking number with the attaching circles of every 2-handle, Q± is simply the linking
matrix of the attaching circles of the 2-handles. Consider the obvious surgery diagram for
∂(Xv1=±v2) inherited from the plumbing Xv1=±v2 . It is clear that ∂(Xv1=±v2) has linking
matrix of the form
[
0 0
0 Q±
]
and H1(∂(Xv1=±v2);Z) = Z ⊕ A for some abelian group A.
Since detQ± 6= 0, A is necessarily finite. Now, since H1(W,Y ;Q) = 0, it follows from the
long exact sequence of the pair that rankH1(Z±;Q) = 1. 
Remark 4.3. It is easy to obtain plumbings that satisfy the hypothesis of Proposition 1.7.
In particular, Aceto’s construction (Proposition 4.2) gives many plumbing trees X such that
∂X bounds a QS1 ×B3.
Example 4.4. Let X be the linear plumbing of length n shown in Figure 11a and let v1
and vn be the first and last vertices. Then ∂X = S
1 × S2 and Xv1=−v2 is a cyclic plumbing
14 JONATHAN SIMONE
(a) Linear plumbing with boundary S1×S2
(b) Cyclic plumbing with boundary Tn
Figure 11. Performing the self-join operation on S1×S2 to obtain a negative
parabolic torus bundle
whose boundary is Tn, the parabolic torus bundle with monodromy −T n (c.f. Figure 1b).
Let Q be the intersection form of Xv1=−v2 . Then it is an n× n matrix of the form
Q =

−2 1 0 · · · 0 −1
1 −2 1 · · · 0 0
...
. . .
...
...
. . .
...
0 0 · · · 1 −2 1
−1 0 · · · 0 1 −2

A quick calculation shows that, | detQ| = 4 (this can also be computed using Lemma 3.3).
Thus by Proposition 1.7, parabolic torus bundles with monodromy −T n bound QS1 × B3s
for all n. This gives an alternate proof of Lemma 1.3.
The hyperbolic torus bundles TA(a) of Theorem 1.4, on the other hand, cannot be obtained
using Proposition 1.7. This can be seen as follows. Suppose TA(a) can be obtained by
Proposition 1.7 and let a = (a1, . . . , an). Then we can undo the self-join operation to obtain
a linear plumbed 3-manifold with the rational homology of S1 × S2 (in fact, since linear
plumbed 3-manifolds are lens spaces, the only possibility is S1 × S2). Since ai ≥ 2 for all i
and aj ≥ 3 for some j, every internal vertex of the linear plumbing has weight at most −2
and either: there exists an internal vertex with weight at most −3; or one of the end vertices
(leaves) has weight at most −2. It is clear that such plumbed 3-manifolds are necessarily
QS3s.
As the next example shows, we can also construct plumbed 3-manifolds bounding QS1 ×
B3s whose associated graphs are not cyclic. Such plumbed 3-manifolds have a single cycle
with trees emanating from the cycle.
Example 4.5. Consider the two plumbings X1 and X2 with distinguished vertices v1 and v2
depicted in Figure 12a. Notice that ∂X1 = ∂X2 = S
1 × S2 and ∂(X1\v1) = L(2, 1)#L(2, 1)
is a QS3. Thus by Proposition 4.2, ∂X = ∂(X1
∨
v1=v2
X2) bounds a QS1 × B3. Now glue
together the distinguished vertices w1 and w2 of X depicted in Figure 12b to form Xw1=±w2
as shown in Figure 12c. Let Q± be the intersection form of Xw1=±w2 . Calculations as in
Example 4.4 show that detQ± 6= 0. Thus, by Proposition 1.7, the plumbed 3-manifold
∂Xw1=±w2 bounds a QS1 ×B3.
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(a) Two plumbing trees (Xi, vi)
(b) Joining the two plumbing trees to obtain X = X1
∨
v1=v2
X2. Consider the
two distinguished vertices w1 and w2.
(c) Self-joining the plumbing tree
X to obtain Xw1=−w2
Figure 12. Using Proposition 1.7 to construct a plumbed 3-manifold that
bounds a QS1 ×B3.
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